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millerc@uni.edu
Douglas J. Shaw, Professor
University of Northern Iowa
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Our world is changing rapidly; one example
is the growth of smart technologies that
have become part of our lives. Smart
playlists are the source for a mathematics
problem that can be approached in a
variety of ways. A playlist is a set of songs
that can be played separately from the
albums on digital music players. The device
(mp 3 player, Ipod®, etc.) can create a
smart playlist based on criteria inputted by
the user.
For example, inputting a genre, say
classical, will result in a list of classical
songs that can be played at any time with
one click on the device. Another such
playlist could contain the ten most-played
songs in a collection. Moreover, the order
in which the songs are played can be
programmed as well. This order is the
motivation for our problem.

Table 2: Sequence of 4 Songs
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Imagine that the top ten smart playlist is
set to play songs in ascending order of play
count. That is, among the ten most played
songs; the list is ordered from the least
played song in the set to the most played
song. Table 1 shows the playlist:
Play Count
15
15
16
17
17
19
20
20
20
22

Song
“99 Red Balloons”
“Orange Crush”
“Love is Blue”
“Yellow Submarine”
“Green Tambourine”
“Mood Indigo”
“Violet Hill”
“Black Peter”
“White Horse”
“Pink Cadillac”

Table 1: Top Ten Smart Playlist Songs
Assume that “99 Balloons” is the song
currently playing (highlighted on the
table), placing it at the top of the list. Based
on how the smart playlist was set up it
would appear that “Pink Cadillac” should
play last. This is not true!
Every time a song plays, its play-count is
incremented (increased by 1 on the list). If
the new play count is greater than a song
later in the line-up, the song that just
played will immediately jump ahead in the
queue, to the earliest position in the new

ordering with the same number of plays
and wind up being played again. Table 2
shows playlists after the first few songs are
played. Considering how this smart playlist
works, how many songs will be played
before the playlist stops? A playlist
continues playing until all the songs in the
queue have played, which does not
necessarily mean each song has played
only once.

playing. You can see three songs are played
on the playlist before the device stops.

Example of Changing Smart Playlist

Times
Played

Smart
Playlist

Times
Played

Smart
Playlist

Times
Played

Smart
Playlist

1
1

Song1
Song2

1
2

Song2
Song1

2
2

Song2
Song1

To start, remind students that it is often
valuable to solve simpler versions of a
problem for inspiration and to better
understand the problem. To do this, let’s
assume that the count for each song is
different. Then, the list will run out after
the ten songs are played; this is not an
exciting mathematics problem so we need
to revise it to be more interesting. The list
will play longer when there are songs that
have been played the same number of
times in the list. Therefore, having more
songs that are tied in the smart playlist will
result in more songs being repeated. How
many songs will we hear before the playlist
stops? This makes for a more interesting
problem, but continues to be difficult to
model mathematically.
Determining the answer to this question
for a play list with 10 songs remains
challenging. Consider some cases with
shorter playlists and see if any patterns in
the results are helpful. If the playlist has
one song, then the playlist stops after
playing that song; this is a trivial case. If
there are two songs in the list that have
been played the same number of times,
three songs will be played before the
player stops, as seen in Table 3. We will
assume each song in the list was played
once before to model the situation and call
the songs Song1 and Song2. As before, the
highlighted song is the one currently
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As students transition from two songs to
more it might be helpful to introduce
modeling the shuffling with stacks of
objects such as CD cases, small paper
plates, or colored paper.
First Song
Plays

Second Song
Plays

Completes List

Table 3: Playlist With Two Songs
Have your students figure out what
happens when there are three songs in the
playlist. You might suggest drawing a table
similar to Table 4 to help organize their
thinking. You can see that the play list will
reach the end after six songs are played.
First Song
Plays
Times
Played

1
1
1

Smart
Playlist

Song
1
Song
2
Song
3

Fourth Song
Plays
2
2
2

Song
3
Song
2
Song
1

Second Song
Plays
Times
Played

1
1
2

Smart
Playlist

Song
2
Song
3
Song
1

Fifth Song
Plays
2
3
3

Song
3
Song
1
Song
2

Third Song
Plays
Times
Played

1
2
2

Smart
Playlist

Song
3
Song
2
Song
1

Completes List
2
3
4

Song
3
Song
1
Song
2

Table 4: Stopping Playlist with Three Songs
To continue solving this problem
concretely, start a table using the number

of songs in the list and how many songs
play before the device stops. Students may
need to find out how many songs play
before a smart playlist with four songs runs
out and add this information to the table
before they notice the patterns or are ready
to develop and explore conjectures.

Trivially we can see that f(1) = 1. From
before, we have f(2) = 2 and f(3) = 6. When
the first song plays, its count is increased
by one and the song moves to the nth place
in the list. The second song now plays, its
count is increased by one, and it goes to the
penultimate place in the list.

An Algebraic Solution

After n songs have been played, the order
of the playlist is reversed and the nth song
is done playing. See Table 5 above to see
how this works. Note that it is assumed
that each song in the smart play list was
played once before the list was created and
that the highlighted cell on the table is the
song being played.

Instead of considering cases and looking
for a pattern in the data to determine how
many songs will be played in a smart play
list with n songs, assuming each song has
already been played the same number of
times, algebra can be used to model the
situation. Let f(n) be the number of songs a
smart playlist plays before the device
stops.
First
Song
Plays

Second
Song
Plays

Third
Song
Plays

nth Song
Plays

n+1
Song
Plays

Son
Son
Son 1 Son 2 Son
1
1
g1
g2
g3
gn
gn
2 Son 2 Son
Son
Son
Son
1
1
1
g ng ng2
g3
g4
1
1
2 Son 2 Son
Son
Son
Son
1
1
1
g ng ng3
g4
g5
2
2
…
Son
…
…
…
1 g n…
1
Son
2 Son 2 Son
Son
1 g n- 1
g3
g3
gn
1
Son
2 Son 2 Son
Son
Son
1 g n- 1
2
g2
g2
gn
g2
1
Son
Son
Son 2 Son 2 Son
1
2
2
gn
g1
g1
g1
g1
Table 5: Smart List with n Songs

We are now left with a play list of n-1
songs, all having been played the same
number of times so there will be, by our
definition of the function f, f(n-1) songs to
play to end the list. This leaves us with the
following recursion:
f(1) = 1

1
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f(n) = f(n-1). This means that f(n) = 1 + 2 +
3 + … + n, or the nth triangular number! A
closed expression for the nth triangular
!
$ n(n +1)
number is # n +1 & =
. Commonly this
"

2

%

2

is seen in HS textbooks as T(n) = n+1C2.
Triangular numbers are the numbers that
can be used to form equilateral triangles.
As side length increases from 1 to 2 to 3 the
total number or objects are called the
triangular numbers (see end of article).

This startling, real world problem is an
example of how a situation from students’
lives can be used to motivate mathematics
lessons. Concretely, students get a sense of

the recursion involved in playing smart
lists on their digital devices. This is a great
problem as presented for students in
prealgebra or algebra.
Once functions have been mastered, a layer
can be added to the problem by using a
variable to generalize the findings to
discover the value of the f(n). In more
advanced classes, students can be
challenged to recognize the pattern
established in the problem as an
application of combinations.
The Common Core State Standards and the
Iowa Core Mathematics Standards ask
teachers to use relevant real-life
applications of mathematics in students’
lives. This problem addresses the smart
playlist used by many students every day.
The Iowa Core Mathematics Standards
(Iowa Department of Education, 2015)
include a call for rigor and relevance as a
constant part of mathematics classes. The
world is full of mathematics problems that
exist outside of textbooks, if one looks with
open eyes (Scieszka and Smith, 1995). The
smart play list problem is an example of
how an ordinary situation from a student’s
life can lead to a rich mathematics problem,
if approached with curiosity.
More concretely, students get a sense of
recursion, and a feeling for different kinds
of sequences. If students have mastered
functions, a new layer can be added to the
problem by using a variable to generalize
the findings to discover the value of f(n). In
more advanced classes, students can be
challenged to recognize the pattern
established in the problem as an
application of combinations. Students and
teachers should always be on the lookout
for more examples of mathematics from
their lives, and explore rigorously in their
mathematics classes, adding value to what
is learned as these problems are relevant
to the lives of students.
ICTM Journal 2015-16
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Editor’s Notes:
Triangular numbers are the number of
dots you need to make triangles. To get
these numbers without drawing pictures.
add up all the numbers that come before a
certain number.

Image from:
http://mathworld.wolfram.com/TriangularNumber
.html

For example, the tenth triangular number
is 1+2+3+4+5+6+7+8+9+10. Another way
to get the nth triangular number (n is any
number bigger than zero) is to multiply n
by one more than n and then divide by 2.
This comes out exactly the same, the tenth
triangular number is 10*11/2 = 55.
Pascal's Triangle is an arithmetical
triangle you can use for some neat things in
mathematics, further detailed online
(binomial
coefficients,
combinations,
Sierpinski’s fractals). The Iowa Core
Algebra Standards include Pascal’s
Triangle:
Arithmetic with Polynomials and
Rational Expressions
A-APR
5. (+) Know and apply the Binomial
Theorem for the expansion of (x + y)n in
powers of x and y for a positive integer n,
where x and y are any numbers, with
coefficients determined for example by
Pascal’s Triangle.1

NCTM has a poster ($10.36 for members)
describing triangular numbers:

To construct Pascal’s Triangle:
Start with the top two rows: 1, and 1 1.
Then to construct each entry in the next
row, look at the two entries above it (i.e.
the one above it and to the right, and the
one above it and to the left). At the
beginning and the end of each row, when
there's only one number above, put a 1.
You might even think of this rule (for
placing the 1's) as included in the first rule:
for instance, to get the first 1 in any line,
you add up the number above and to the
left (since there is no number there,
pretend it's zero) and the number above
and to the right (1), and get a sum of 1.
From: Doctor John, The Math Forum
[http://mathforum.org/library/drmath/vi
ew/57076.html]
===========

https://www.nctm.org/store/Products/Pa
tterns-That-Rock---Poster/
===========

New Largest Prime
Discovered in Missouri

PATTERNS that Rock
“TRIANGULAR
NUMBERS
arise
as
solutions to many problems. The numbers
are also connected to Metcalfe’s Law, which
involves counting the number of unique
connections in a network made up of n
nodes. Modern-day examples of such
networks are Facebook and Twitter.
The basic pattern that makes up almost
every rock song ever recorded can be
summed by saying, “1 and 2 and 3 and 4.”
Musicians often pronounce this by saying, “a
1 plus a 2 plus a 3 plus a 4,” which sums up
how to calculate the sequence of triangular
numbers 1, 3, 6, 10, 15, 21, 36, 45, 55, .... .
The nth triangular number is equal to
1+2+3+...+n and is equal to n(n+1)/2.”
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A computer at the University of Central
Missouri in Warrensburg, MO has
discovered a new record prime number 274,207,281 – 1, which is almost five million
digits long. You can read more about this
discovery and the Great Internet Mersenne
Prime Search at
http://www.nytimes.com/2016/01/22/sci
ence/new-biggest-prime-numbermersenne-primes.html?smid=nytcoreipad-share&smprod=nytcore-ipad&_r=0 .

